Roland Quême
We suppose that p is an irregular prime. Let C p be the p-class group of K p . Let Γ be a subgroup of C p of order p annihilated by σ−µ with µ ∈ F * p . From Kummer, there exist not principal prime ideals q of Z[ζ p ] of inertial degree 1 with class Cl(q) ∈ Γ. Let q be the prime number lying above q.
Let n be the smallest natural integer such that µ ≡ v n mod p. There exist singular numbers A with AZ[ζ p ] = q p and π n | A − a where a is a natural number. If A is singular not primary then π n A − a and if A is singular primary then π p | A − a. We prove, by an application of Stickelberger relation to the prime ideal q, that now we can climb up to the π-adic congruence A P (σ) ≡ ±1 mod π 2p−1 if q ≡ 1 mod p and A P (σ) ≡ ±1 mod π 2p if q ≡ 1 mod p : this property of π-adic congruences on singular numbers is at the heart of this paper.
As a first example, this π-adic improvement allows us to give a straightforward proof that the relative p-class group C − p verifies the following congruence mod p: with v, m defined above, the congruence
is verified for m taking r − different values m i , i = 1, . . . , r − where r − is the rank of the relative p-class group C − p . The numerical verification of this congruence is completely consistent with table of irregular primes in Washington [7] p. 410/411. A second example is a straightforward proof that if p−1 2 is odd then the Bernoulli Number B (p+1)/2 ≡ 0 mod p.
The last section deals, when p divides the class number of K + p , with π-adic properties of the singular primary numbers A.
1 Some definitions 1. Let p be an odd prime. Let ζ p be a root of the polynomial equation X p−1 + X p−2 + · · · + X + 1 = 0. Let K p be the p-cyclotomic field K p = Q(ζ p ). 
Moreover, the number A verifies
i. The number A is singular not primary if π 2m+1 A − a. If A ′ is another singular not primary number verifying relation (2) with 
other singular not primary number verifying relation (2) with
, it can be shown that
where ε 2 is any unit and ε 1 is a singular primary unit verifying
ii. 
2. Let q = p be an odd prime. Let ζ q be a root of the minimal polynomial equation
Here we fix a notation for the sequel. Let u be a primitive root mod q. For every integer k ∈ Z then u k is understood mod q so 1 ≤ u k ≤ q − 1. If k < 0 it is to be understood as
3. Let q be a prime ideal of Z[ζ p ] lying over the prime q.
where { α q } = ζ c p for some natural integer c, is the p th power residue character mod q. We define
and 
On the structure of G(q).
In this subsection we are studying carefully the structure of g(q) and G(q).
Proof.
and it follows that there exists a natural integer ρ with ρ < p such that
.
) and so ζ
2. If q ≡ 1 mod p, it implies that ζ ρ p = 1 and so that τ (g(q)) = g(q) and thus that
Let us note in the sequel g(q) =
Proof. Suppose that g 0 = 0 and search for a contradiction: we start of
This case is not possible because the first member g(q) p is a p-power.
Here we give an elementary computation of g(q) not involving directly the Gauss Sums.
for some natural number ρ, 1 < ρ ≤ p − 1.
1. We start of τ (g(q)) = ζ ρ p × g(q) and so
Observe that u is a primitive root mod q and so u −1 is a primitive root mod q.
Then it follows that g(
is a p-power, which implies that g 1 ∈ Z[ζ p ] * . Let us consider the relation (7) . Let x = 1 ∈ F q , then T r Fq/Fq (x) = 1 and χ (p) q (1) = 1 (q−1)/p mod q = 1 and thus the coefficient of ζ q is 1 and so g 1 = 1.
6. From Stickelberger, g(q) p Z[ζ p ] = q S , which achieves the proof.
Remark: From
and we can verify directly that τ (g(q)
Proof. Let us consider one term ̟
, which achieves the proof. 
Proof.
1. Apply formula of Ribenboim [5] (2.2) p. 118 with p = p, q = q, ζ = ζ p , ρ = ζ q , n = ρ, u = i, m = 1 and h = u −1 (where the left members notations p, q, ζ, ρ, n, u, m and h are the Ribenboim notations).
2. We start of < ζ ρ p , ζ q >= g(q). Then v is a primitive root mod p, so there exists a natural integer l such that ρ ≡ v l mod p. By conjugation σ −l we get < ζ p , ζ q >= g(q) σ −l . Raising to p-power < ζ p , ζ q > p = g(q) pσ −l . From lemma 2.5 and Stickelberger relation
2 mod p, and l ≡ p+1 2 mod p, thus ρ ≡ v (p+1)/2 mod p and finally ρ = −v.
Remark : The previous lemma allows to verify the consistency of our computation with Jacobi resultents used in Kummer (see Ribenboim p. 118-119).
= 0, which leads to the result.
A study of
Lemma 2.8.
where
Proof. Let us consider the polynomial
is of degree smaller than p − 2 and the two polynomials
Let us note in the sequel
Lemma 2.9.
. . .
Proof. We start of the relation in
where σ p−1 = 1.
Remark:
1. Observe that, with our notations, δ i ∈ Z, i = 1, . . . , p − 2, but generally δ i ≡ 0 mod p.
We see also that
Lemma 2.10. The polynomial Q(σ) verifies
Proof. We start of
which leads to the result.
The singular integers A and Kummer-Stickelberger's relation
From now we suppose that the prime ideal q of Z[ζ p ] has a class Cl(q) ∈ Γ where Γ is a subgroup of order p of C p previously defined, with a singular integer A given by
In an other part, we know that the group of ideal classes of the cyclotomic field is generated by the ideal classes of prime ideals of degree 1, see for instance Ribenboim, [5] (3A) p. 119.
Lemma 2.11.
(
where w is a natural number. Therefore, by complex conjugation, we get g(q)
with a natural integer, we get A A ≡ 1 mod π 2m+1 and so w = 0. Then (
Remark: Observe that this lemma is true if either q ≡ 1 mod p or q ≡ 1 mod p.
Theorem 2.12.
Proof. We start of g(q)
. From lemma 2.10, we get
and by conjugation
Multiplying these two relations we get, observing that g(q) × g(q) = q f ,
and thus η = ±1 because η ∈ Z[ζ p + ζ −1 p ] * , which with relation (19) get g(q) p 2 = ±A P (σ) achieves the proof.
Remark: If C ∈ Z[ζ p ] is any semi-primary number with C ≡ c mod π 2 with c natural number we can only assert in general that C P (σ) ≡ ±1 mod π p−1 . For the singular numbers A considered here we assert more: A P (σ) ≡ ±1 mod π 2p−1 . We shall use this π-adic improvement in the sequel.
Congruences caracterizing the p-class group
We deal of congruences caracterizing the p-class group when p not divides the class number h + of K + p . 1. We know that the relative p-class group
2 . Let us consider the singular numbers A k , k = 1, . . . , r − , with π 2m k +1 | A k − α k with α k natural number defined in lemmas 2.8 and 2.9. From Kummer, the group of ideal classes of K p is generated by the classes of prime ideals of degree 1 (see for instance Ribenboim [5] (3A) p. 119).
2. In this section we shall show that the polynomial Q(σ) ∈ Z[G p ] explicitly computable in a straightforward way caracterize the structure of the relative p-class group C − p of K p . 3. As another example we shall prove in a straightforward way that if p−1 2 is odd then the Bernoulli Number B (p+1)/2 ≡ 0 mod p. 
Let us fix
A for one the singular numbers A k with π 2m+1 A − α with α natural number equivalent to π 2m+1 ( A A − 1), equivalent to
Then raising to p-power we get (
2. From theorem 2.14 we get
We have shown that
There exists a natural integer n not divisible by p such that
4. Show that the possibility of climbing up the step mod π p−1+2m+2 implies that
with R ∈ F p . From congruence (22) and (23) it follows that (1 + pλ 2m+1 ) R ≡ 1 mod π p−1+2m+2 and so that 1+ pRλ 2m+1 ≡ 1 mod π p−1+2m+2 and finally that R = 0. Then in F p we have Q(σ) = (σ − v 2m+1 ) × Q 1 (σ) and so Q(v 2m+1 ) ≡ 0 mod p, or explicitly
which achieves the proof. 
Proof.
1. We start of the relation g(q) p 2 = ±A P (σ) proved in theorem 2.12. By conjugation we get g(q) 
